We consider the non-abelian self-dual two-form theory [1] and find new exact solutions. Our solutions are supported by Yang-Mills (anti)instantons in 4-dimensions and describe wave moving in null directions. We argue and provide evidence that these instanton string solutions correspond to M-wave (MW) on the worldvolume of multiple M5-branes. When dimensionally reduced on a circle, the MW/M5 system is reduced to the D0/D4 system with the D0-branes represented by the Yang-Mills instanton of the D4-branes Yang-Mills gauge theory. We show that this picture is precisely reproduced by the dimensional reduction of our instanton string solutions.
Introduction
The theory of N coincident M5-branes in a flat spacetime is given by an interacting (2,0) superconformal theory in six dimensions [2] . The understanding of the dynamics of this system is of utmost importance. On general grounds, the theory does not have a free dimensionless parameter and is inherently non-perturbative. It does not mean that an action does not exist, though it does mean that the use of the action will be limited to non-perturbative analysis, for example, the studies of solutions to the equations of motion. This is still very interesting, particularly since much of the spacetime M-theory physics can be learnt from the physics of the solitonic objects of the the worldvolume theory of M5-branes. This is of course valid also for M2-branes as well as D-branes in string theory and this kind of target space-worldvolume duality has dominated the developments of string theory in the last 15 years or so, with the AdS/CFT correspondence [3] being the most celebrated duality.
For a single M5-brane, the equation of motion has been constructed [4] [5] [6] [7] . For multiple M5-branes, a major difficulty has been to non-abelianize the self-dual tensor gauge dynamics. This problem was tackled and a solution was presented in [1] where a consistent self-duality equation of motion for the non-abelian tensor gauge field was constructed. Moreover it was proposed as the low energy equation of motion of the self-dual tensor field living on the worldvolume of a system of multiple M5-branes.
The construction of [1] consists of two primary steps: the identification of the form of the non-abelian gauge symmetry and the construction of the dynamical self-duality equation. The proposed form of the non-abelian gauge symmetry was motivated by the analysis in [8] where a set of 5-dimensional non-abelian one-form gauge fields was introduced in order to incorporate non-trivial interactions among the 2-form potentials [9] . The introduction of the non-abelian 1-form gauge fields allows one to write covariant derivative and to introduce non-abelian transformation for the fields 1 . However since there is no room for propagating 1-form gauge fields in the (2,0) self-dual tensor multiplet in 6-dimensions, they must be constrained and be non-propagating 2 . The constraint needed for the specification of the gauge symmetry was identified in [1] . There, a self-duality equation for a non-abelian 2-form in 6-dimensions was 1 Similar forms of gauge symmetry were also considered by [10] , as well as [11] where an extra 3-form potential was introduced in addition to the propagating 1-form gauge potential. The latter formulation were further developed in [12, 13] and provides a construction for a class of (1,0) superconformal models in 6-dimensions. 2 The philosophy is very similar to the BLG [14] and ABJM model [15] of multiple M2-branes where a set of non-propagating Chern-Simons gauge fields was introduced in order to allow for a simple representation of the highly non-linear and non-local self interactions of the matter fields of the N = 8 supermultiplet in 3-dimensions. constructed in the gauge B 5µ = 0 (µ = 0, · · · , 4) and reads
The constraint for the gauge field A µ is given by
3)
and c is a constant that is fixed by quantization condition of the self-dual strings solution of the theory [16, 17] . All fields are in the adjoint representation of the Lie algebra of the gauge group G. The self-duality equation (1.1) and the constraint (1.2) were derived in [1] as the equations of motion of an action principle, which is a generalization of the abelian theory of Perry-Schwarz [5] . Evidence that this self-duality equation describes physics of M5-branes was provided in [1] , and further in [16, 17] where non-abelian self-dual string solutions were constructed. In these latter two papers, it was argued that the form of the 1/2 BPS equation with a single scalar activated could be derived from the requirement of conformal symmetry and R-symmetry of the system and it was shown that the solution of the pure gauge sector could be lifted to become a solution of the non-abelian (2,0) theory with selfdual electric and magnetic charges. In M-theory, the self-dual string arises from the intersection of a system of M2-branes with the system of multiple M5-branes. It is satisfying that the constant c is fixed, which would otherwise be a free dimensionless constant in the theory and hence contradicts with what we know about M5-branes in flat space. It is also quite encouraging that a complete agreement [17] of the field theory results and the supergravity descriptions [18] was found, thereby providing substantial support to the proposal of [1] that (1.1) is the self-duality equation for multiple M5-brane system. We remark that in these solutions, the self-dual strings were uniform and static and lie in the x 0 and x 4 directions. As a result, the solutions take the form with
. It is interesting that the self-dual string solutions found in [16, 17] were supported by having its auxiliary gauge field A given by a non-abelian monopole configuration in 3-dimensions x i , and that the charge of the self-dual strings is given by the monopole charge. Motivated by this observation, it is natural to ask if there are other exact solutions of the non-abelian self-duality equation (1.1) that are supported by other interesting gauge field configurations; and if so, what are their interpretations in M-theory?
In the next section, we construct a new class of solutions of the self-duality equation obtained by having its auxiliary gauge fields given by Yang-Mills (anti-)instantons in 4-dimensions. We will argue that the solutions describe M-wave on M5-branes. The paper is concluded with some further discussions in section 3.
M-Wave Solution
Throughout the paper we follow the convention of [1, 16, 17] . In particular the 5d and 6d coordinates are denoted by
. We are interested in finding new solutions of the self-duality equation and their M-theory interpretation. Let us first consider the case of non-compact x 5 . The equations read
1)
Let us take an ansatz B 0a = 0, A 0 = 0. We have
The equation (2.5) can be solved with
for arbitrary A a due to the Bianchi identity of F ab . If we further assume that A a 's are independent of x 0 , then (2.6) reads
This can be solved with
where (A)SD stands for (anti)self-dual. Finally the equation (2.2) requires that
where + is for the SD case and − is for the ASD case. For example, one can take f = tanh(x 0 ±x 5 )/(2c). Since our solution is supported by an instanton configuration, it might be called an instanton string. What kind of M-theory object does it describe?
In M-theory, there are four basic objects preserving half of the supersymmetries. These are the M5-brane, M2-brane, M-wave (MW) and the Kaluza-Klein monopole (MK). The M-wave solution in supergravity was originally constructed in [19] . For objects with an extended longitudinal space, it is possible to turn on a wave in a null direction along the brane. For example, one can have an MW in the x 0 , x 5 directions on a system of M5-branes. The intersecting brane system is 1/4 BPS in the 11-dimensional supergravity and a smeared (delocalized) supergravity solution has been constructed in [20] . We propose that our instanton string solution is describing a MW on a system of multiple M5-branes.
To check this, let us consider supersymmetry. We remark that the abelian (2, 0) tensor multiplet has the supersymmetry transformation 14) where I, J = 6, 7, · · · , 10 and M, N, L = 0, 1, · · · , 5. For the non-abelian case, let us assume that the supersymmetry transformation takes on a similar form plus terms that vanish on our solution. Specifically, let us assume that for Ψ,
where · · · denotes terms that vanish for our solution, e.g. terms involving two or more different X's. This form of the supersymmetry has been tested in [16, 17] . The form (2.14) of supersymmetry is also reasonable since, as a result of our ansatz (2.7), it implies δF ab = δB ab = 0 for our solution and this is consistent with the fact that the auxiliary gauge field A a is supposed to be supersymmetry invariant. with the plus sign for the SD case and the minus sign for the ASD case. The projector condition (2.17) means a breaking of half of the supersymmetry of the (2, 0) theory and is in fact precisely the same supersymmetry preserving condition for MW on M5-branes. This supports the identification of our instanton string with the MW. To further justify our claim, let us consider a compactification of our system on a circle, say, for x 5 to be compactified on a circle of radius R. In the brane picture, the MW/M5 system is reduced to a D0/D4 system where the D0-branes are represented as Yang-Mills instanton of the Yang-Mills theory of the D4-branes [21, 22] due to the coupling on the D4-brane worldvolume to the RR-gauge field C 1 ,
The number of D0-branes is given by the instanton number. We will now show that this picture is reproduced precisely by the compactification of our instanton string solution. For x 5 being compactified on a circle of radius R, the condition (2.2) reads 19) where
5µν is the zero mode part of the modes expansion of H 5µν . For our ansatz with nonzero A a and B ab , the equations (2.5), (2.6) read
where X (n) denotes coefficient of the n-th Fourier mode of X = ∞ n=−∞ X (n) e inx 5 /R . Consider the ansatz
where α is a constant, F ab is SD for the plus sign and ASD for the minus sign. Note that a linear term in x 0 and x 5 is allowed as it is only required that the field strength where β 0 is a constant. As for the non-zero mode equations, they can be solved with
where F ab is SD for the plus sign and ASD for the minus sign and β n are constants. All in all, the dimensionally reduced system (2.20), (2.21) can be solved by
where F ab is SD for the plus sign and ASD for the minus sign. This is of course nothing but simply the solution (2.7), (2.9), (2.10) with now a profile function f that is consistent with the compactification condition. The constant α can be fixed by noticing that our solution (2.26) gives
and the condition (2.19) implies that
Note that H
5ab is independent of B (0) . We also record
Now the general analysis of the dimensional reduction of the non-abelian selfduality equation has been performed in [1] . Note that on dimensional reduction of our non-abelian M5 brane theory, the field strength
becomes the field strength of the 5d supersymmetric Yang-Mills theory. Indeed it is no longer interpreted as an auxiliary field but becomes propagating and obeys a dynamical equation of motion [1] ,
In general, this is more complicated than the source free Yang-Mills equation. In [1] , the additional term on the right hand side was argued to be arising from higher derivatives corrections of the Yang-Mills action. For our specific solution (2.26), the right hand side of (2.31) is zero since B ab ∝ F ab in our solution. Therefore, on dimensional reduction, our instanton string gives rise exactly to an instanton (or anti-instanton) configuration in a standard 5-dimensional Yang-Mills action. This is precisely what is expected for the system of D0-branes in D4-branes. Besides, we can see that the RR coupling (2.18) does arise naturally from the non-abelian M5-branes theory on dimensional reduction. In fact, (2.18) is just a part of the coupling of the metric to the energy-momentum tensor
(2.32)
since C 1 ∼ g 05 and quite generally one can expect the energy-momentum tensor of the system of multiple M5-branes to contain the term (up to a normalization constant),
This is the case for the abelian M5-brane [23] and for the non-abelian (2,0) theory [24] . And it should be true irrespective of whether the theory is self-dual or not.
Discussions
In this paper, we have constructed a new solution of the non-abelian self-duality equation. The solution is supported by an instanton or anti-instanton configuration for the auxiliary Yang-Mills gauge field. We have argued and provided evidence that our solution provides a field theory description of the M5/MW intersecting system. Together with other evidence provided previously [1, 16, 17] , we are quite confident of (1.1), (1.2) as providing a description of the self-dual dynamics of multiple M5-branes.
As instanton, our solution is localized in the Euclidean x a directions. It will be interesting to construct localized supergravity solution for the M5/MW system. It may be possible to build it similarly to the localized supergravity solution of intersecting M5-branes [25] . This will provide further features of the solution which one can compare with the field theory results, thus furnishing a more detailed and more interesting test.
It is important to complete the bosonic self-duality equations with supersymmetry. Some difficulties associated with the supersymmetric completion have been discussed in [1] . In our present construction of the instanton string solution, we have provided another valuable piece of information concerning the form of the supersymmetry transformation. It will be important to push this direction forward.
If a C-field is turned on in the worldvolume of the system of M5-branes, then one can expect that some kinds of star-product will arise as a result of the emerged noncommutative geometry, and the self-duality equation will be modified. In [26] , the logic was reversely applied and it was shown how one can deduce the known form of worldvolume noncommutative geometry of D-branes [27] [28] [29] from a knowledge of how the B-field modifies the Nahm equation; as well as the noncommutative geometry of M5-brane in a large C-field from a knowledge of how the C-field modifies the Basu-Harvey equation [30] . The found noncommutative geometry takes the form of a quantum Nambu geometry [31] . However there has not been success in reformulating this operatorial geometry in terms of more familiar language of a deformed starproduct. Knowing how the C-field modifies the nonabelian self-duality equation may provide hints to this problem.
In addition to the 5d-SYM proposal [32, 33] , there exist a number of other earlier proposals [34, 35] and [36] for the definition of the theory of multiple M5-branes. These proposals have the advantage of being supposed to be providing a fundamental quantum description, but is however much less explicit. It will be interesting to explore the connection of our description with these proposals.
In some sense, the self-duality equation (1.1) is a higher dimensional generalization of the self-dual Yang-Mills equation in 4-dimensions. The self-dual Yang-Mills equation is an interesting mathematical physics system. Apart from numerous important applications in mathematics, it is exactly solvable. Moreover, it has been conjectured by Ward [37] to be a kind of master equation, which states that all the integrable equations in three of lower dimensions can be obtained from the self-dual Yang-Mills equation by a reduction. It is interesting to ask if the self-duality equation (1.1) has also similarly rich and interesting mathematical properties. For example, is it integrable? is there a twistor construction behind, and is there any connection with the twistor or loop formulation proposed in [38] ? We leave these interesting questions for further exploration.
